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There have been several different definitions of the term “maximal order” 
depending upon the context. In this paper the most general of these definitions 
will be used. A quotient ring Q is a ring, with an identity element, in which 
every regular element (i.e. not a zero-divisor) has an inverse. A right order R 
in Q is a subring of Q such that every element of Q has the form ab-l for 
suitable elements a, b in R. A right order S is equivalent to R if there are 
regular elements c, d, e, f in Q such that cRd C S, eSf C R. If R is not con- 
tained in any equivalent right order, then R is a maximal right order. Maximal 
left orders and maximal (two-sided) orders are defined in a similar fashion. 
The other contexts in which maximal orders have been defined have been 
in connection with a Dedekind domain and its arithmetic of ideals. The 
classical theory (see [6], Chapter 6 and [28] p. 28) starts with a Dedekind 
domain K with a quotient field D. Then Q is taken to be a central simple 
algebra of finite dimension over D. An order over K in Q is defined as a 
subring R of Q which is a finitely-generated K-module and such that RD = Q. 
If R is not contained in any other order over K, then R is a maximal order. 
The classical theory shows that this type of maximal order has an arithmetic 
of ideals; Auslander and Goldman [2] have given a structure theory for them. 
Another theory, due to Chevalley [4], starts with a noncommutative 
integral domain K with a quotient division ring D, K being assumed to have 
a “regular arithmetic” of ideals. Q is taken to be the complete n x n matrix 
ring D, . Chevalley shows that there is a subring R of Q which also has a 
“regular arithmetic” of ideals. This ring is called a maximal order, and its 
structure is found in terms of K. It is also shown that such a maximal order 
can be defined as in the classical theory-namely, it is a subring R of Q such 
that RK is a finitely-generated right K-module, RD = Q, and R is not 
contained in any other such subring of Q. 
The classical theory was axiomatized by Asano [I] (or see [II], Chapter 6) 
to give the definitions of the first paragraph above. A bounded order is then 
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defined to be an order of which every one-sided fractional ideal contains a 
two-sided fractional ideal. (The maximal orders of the classical theory are 
automatically bounded). Asano’s theory shows that, given certain chain 
conditions, a bounded maximal order has the usual arithmetic of ideals. 
In this paper, necessary and sufficient conditions are found under which 
a maximal right order has an arithmetic of ideals. These conditions neither 
involve nor imply that the right order is bounded. These results are applied 
to the case when Q is a simple Artinian ring. In this situation, the right 
orders with such an arithmetic are precisely those right Noetherian right 
hereditary prime rings which are maximal right orders. They will be called 
right Dedekind prime rings. The structure of such a ring is then given in terms 
of an integral domain with the same properties, i.e., a right Dedekind domain. 
Incidentally, a commutative right Dedekind domain is simply an ordinary 
Dedekind domain. 
The theory given here includes much of Asano’s theory of bounded maximal 
orders and therefore also includes much of the classical theory. In Chevalley’s 
theory, the notion of a “regular arithmetic” is somewhat more stringent than 
our notion of an arithmetic of ideals but, apart from the extra detail thus 
obtained, that theory is also included. 
1. PRELIMINARIES 
First we recall some of the terminology concerned with right orders. 
Let R be a right order in a quotient ring Q. An additive subgroup I of Q is a 
(fractional) right R-ideal provided (i) IR C 1, (ii) I contains a regular element 
and (iii) there exists a regular element b EQ such that bl C R. If, further, 
I Z R, then I is an integral right R-ideal. In the same way one defines left 
R-ideals and (two-sided) R-ideals. 
Given a right R-ideal I, the right order and the left order of I are defined 
respectively to be the subrings of Q, 
It is well known (see [II], p. 120) that each is a right order in Q, is equivalent 
to R, and contains the identity element. (It follows that every maximal right 
order contains the identity element). Finally we define the inverse of I to be 
1-l = {q E Q / IqI d I}. Evidently 
I-* = {q E Q I 1q C O,(I)} = {q E Q / q1 C O,(I)}. 
It can be seen ([II], p. 120) that 1-l is a left O,(I)-ideal and a right O,(l)-ideal. 
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Exactly the same definitions as those above are used if R is a left order 
(in which case O,(I) and O,(I) are left orders) or if I is a left R-ideal. 
Next we turn to two results from [3], p. 132. The second is required in a 
slightly generalized form so its proof is given in full. 
LEMMA 1,l. Let R be a ring with an identity element, and let A be a right 
R-module. Then A is projective if and only if there exist families 
h,>, C,U a, E 4 A E Hom(A, RI, 
such that, for each a E A, 
a = C a&La) 
and &a = 0 for all but a jinite number of CL. 
LEMMA 1.2. Let R be a right order in a quotient ring Q, and let I be a right 
R-ideal. Then O,(I) = I I-l if and only if I is a projective right O,(I)-ideal; 
and then I is a jinitely-generated right O,.(I)-ideal. 
Proof. (i) Suppose that I is a projective right O,(I)-ideal and so, by 
Lemma 1.1, there exist the families {a,}, {&} where aor E I, 4. E Hom(1, O,(I)). 
Since O,(I) is a right order, every element of Q has the form ab-l for elements 
a, b E O,(I). Also IQ = Q, and therefore it follows (see [7], Corollary 5.2) 
that each element of Q has the form ic-l, i E I, c E O,(I). It can be checked 
that each O,(I)-homomorphism 0 : I + O,(I) can be extended uniquely to an 
endomorphism 8* of Q given by O*(ic-l) = O(i) c-l. Hence, 
Hom(I, O,(I)) e {q EQ I qI C O,(I)} = I-l 
Let (be -+ q= under this isomorphism. Then, for any given a E I, &a = q,a = 0 
for all but a finite number of LY. Choosing a to be regular shows that q. = 0 
for all but a finite number of 01. Letting a be arbitrary again, we see that 
a = G 49484 = F adw = (; a,q,) a. 
Thus 
C a,p, = 1 EII-1 
a 
and hence 11-r = O,(I). It is also clear that I is a finitely-generated right 
O,(I)-ideal. 
(ii) Conversely, suppose that O,(I) = IF. Then there exist finite 
families {qe}, {a,}, qol E I-l, a, E I such that Ca a&q, = 1. Hence 2. a,q,a = a. 
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Putting &a = ~~a gives a map $a E Hom(1, O,(I)) and Ca a&a = a. There- 
fore, by Lemma 1.1, I is a projective right O,(I)-ideal. Clearly 1 is finitely 
generated. 
The proof (ii) holds if R is a left order rather than a right order. This yields 
COROLLARY 1.3. Let R be a left order in a quotient ring Q and let I be a right 
R-ideal such that I I-l = O,(I). Then I is a finitely-generated projective right 
O,(I)-ideal. 
One can also deduce 
COROLLARY 1.4. Let R be a right order in a quotient ring Q, and let I be a 
projective right R-ideal. Then I is a Jinitely-generated right R-ideal and 
II-1 = O,(I). 
Proof. In the proof (i) of Lemma 1.2, replace O,(I) by R and 1-l by 
I* = {q E Q 1 qI C R). This shows that I I* = O,(I) and that I is a finitely- 
generated right R-ideal. However 1-l 2 I*, and therefore 11-l = O,(1). 
If R is a maximal right order, and I is a right R-ideal, then evidently 
O,(I) = R. Similarly, if / is a left R-ideal, O,(J) = R. Thus, using 
Lemma 1.2, we can deduce 
THEOREM 1.5. Let R be a maximal right order in a quotient ring Q. 
(i) Let I be a right R-ideal. Then I is a projective right R-ideal if and 
only if I I-l = O,(I); and then I is aJinitely-generated right R-ideal. 
(ii) Let T be a (two-sided) R-ideal. Then T is a projective right R-ideal 
if and only if TT-1 = R; and then T is aJin.itely-generated right R-ideal. 
2. ASANO ORDERS 
For a bounded order R, Asano showed that the R-ideals form a group 
under multiplication if and only if R is a maximal order satisfying the 
ascending chain condition for integral R-ideals and such that every prime 
integral R-ideal is maximal (see [II], pp. 1264). In this section a character- 
ization is given of those right orders R, with identity elements, whose R-ideals 
form a group under multiplication. These will be called Asano right orders. 
This is followed by an investigation of right orders equivalent to R. There 
are similar results in [S] where, however, the extra assumption that R is 
bounded must be inserted whenever Asano’s above result is used. 
THEOREM 2.1. Let R be a right order in a quotient ring Q and let 1 E R 
Then the following conditions on R are equivalent; 
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(i) R is an Asano right order. 
(ii) R is a maximal right order and every integral R-ideal is a projective 
right R-ideal. 
(iii) For each integral R-ideal T there exists an R-ideal T* such that 
TT” = T”T = R. 
(iv) The R-ideals form an Abelian group under multiplication. 
Proof. (i) 3 (ii). Let I be any R-ideal. Now RI = IR = I and so R is 
the group identity. First we show that R is maximal. For, if not, by [25], 
Lemma 4.1, there is a right order S 3 R, and a regular element b E Q, such 
that either bS C R or Sb C R. Consider the former case, the latter being dealt 
with similarly. Then RbS is an integral R-ideal. Therefore, by assumption, 
there is an R-ideal T such that T . RbS = R, the group identity. Then 
S=RS=T.RbS.S=T.RbS=R. 
This contradicts the statement that S 3 R, and therefore R is a maximal 
right order. 
It follows that, for any R-ideal I, O,(I) = O,(I) = R. Therefore, by 
definition, II--1 C R and I-l1 C R. But, by assumption, there is an R-ideal J 
such that IJ = JI = R. Hence J C 1-l and 11-l = I--‘1 = R. Thus, by 
Theorem 1.5, I is a projective right R-ideal. 
(ii) 3 (iii). Since, by Theorem 1.5, the integral R-ideals are all finitely 
generated, R satisfies the ascending chain condition for integral R-ideals. 
Let M be a maximal integral R-ideal. Then, by Theorem 1.5, J&k-l = R. 
If R = M-l, then R = MM-l = MR = M, which is a contradiction. Thus 
R C M-l. Hence M-IMM-l = M-lR = M-l 3 R, and so M-lM f M. 
But R 2 M-IM 3 M, and M is maximal. Hence R = M-lM. 
Next, let T be any integral R-ideal, and assume that T C M1 where M1 
is maximal. Then T C M;‘T C R. If T = M;‘T, then 
R = TT-l = M;lTT-l = M,-lR = n/r;’ 
which is false. Thus T C M;‘T. If M;lT f R, then M;lT C Mz for some 
maximal integral R-ideal M, , and M;‘T C M;‘iW;‘T. Using the ascending 
chain condition, it follows that, for some integer n, M;’ a.* M;‘M;‘T = R, 
where the Mi are maximal. Hence T = M,M, *a* M, ; and if we let 
T* = M,-l **a ML~IMF~ then TT* = T*T = R. 
(iii) 3 (i). Let T be any R-ideal. Define S = {X E R 1 XT C R}. By 
the definition of R-ideal, there is a regular element q E Q such that qT C R; 
and q = ab-l for a, b E R. Clearly a is a regular element. Also bT C T and 
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therefore aT C ab-lT C R. Thus a E S and it follows that S and ST are 
integral R-ideals. Hence T = RT = S* . ST and 
S*.ST.(ST)*.S=(ST)*.S.S*.ST=R. 
Therefore each R-ideal has a group inverse, with R being the group identity. 
(ii) 3 (iv). In the proof (ii) => (iii), it was shown that each integral 
R-ideal is a product of maximal integral R-ideals. Let Mi , M, be two maximal 
integral R-ideals. If it can be proved that MIM, = MzM, , then it follows 
that multiplication of integral R-ideal is commutative. If M1 = M, , this is 
trivial. If M1 # M, then M1 n Mz is an R-ideal contained in M1 . As in the 
proof (ii) => (iii), Ml n n/r, = M,A for some integral R-ideal A. But 
MrnMsCMsand M,$M,, so ACM,. HenceMinMaCMrMaand 
thus M1 n M, = M,M, . Symmetry shows that MIM, = M,M, . 
Now, let T be any R-ideal, and let S = {X E R 1 XT C R}. Then, as before, 
S, ST are integral R-ideals. Say S = Qr e-0 Q,,, and ST = P1 *** P, , where 
the Pi, Qj are maximal integral R-ideals. Then T = Q;’ a** Q;‘P1 .** P, . 
Thus multiplication of R-ideals is commutative. 
(iv) * (i) is, of course, trivial. 
COROLLARY 2.2. Let R be an Asano right order. Then the following 
statements hold: 
(1) R satisfes the ascending chain condition for integral R-ideals. 
(2) Prime integral R-ideals are maximal. 
(3) Every integral R-ideal is a unique product of primes. 
(4) R satisfies the descending chain condition for integral R-ideals con- 
taining a Jixed integral R-ideal. 
(5) For each R-ideal, TT-1 = T--IT = R. 
(6) Every R-ideal is jkitely g enerated and projective both as a right ideal 
and as a left ideal. 
Proof. (1) was noted in the proof (ii) * (iii) of Theorem 2.1, and (2), (3) 
follow easily from the same proof. (4) follows directly from (3). From the 
proof (i) * (ii) we obtain (5) and so, by Theorem 1.5 and the left-handed 
version of Corollary 1.3, we obtain (6). 
LEMMA 2.3. Let R be an Asano right order, and let I be a projective right 
R-ideal with O,(I) = S, say. Then 
(i) 11-i = S; 1-V = R; 
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(ii) there are (1, 1) correspondences between R-ideals and S-ideals, and 
between right (left) R-ideals and right (left) S-ideals. 
(iii) S is an Asano right order. 
Proof. (i) By Theorem 1.5 (i), II-i = S. Let T = I-il. Then T is an 
integral R-ideal, and so T-‘T = R, by Corollary 2.2. Thus T-ll-lI = R. 
This clearly implies that T-II-l C I-l, and therefore I-l1 = R. 
(ii) Let T1 be an arbitrary R-ideal, T, an arbitrary S-ideal. It is straight- 
forward to check that the maps 
T1 + IT,I-l; T, --+ I-l T21 
are mutual inverses, giving a (1, 1) correspondence between R-ideals and 
S-ideals. 
Likewise, if Ii (Ji) is an arbitrary right (left) R-ideal, and 1, (]a) is an 
arbitrary right (left) S-ideal, then the maps 
Zl ---f I$‘; I, --+&I 
(JI -+ Z/I ; Js + 1-l Jz) 
give a (1, 1) correspondence between right (left) R-ideals and right (left) 
S-ideals. 
(iii) It can be seen that the correspondence between R-ideals and 
S-ideals preserves products and inverses, and therefore the S-ideals form a 
group isomorphic to the group of R-ideals. Therefore S is an Asano right 
order. 
LEMMA 2.4. Let R be an Asano right order, and let I be a projective right 
R-ideal with O,(Z) = S, say. Then 
(i) for each right R-, left S-ideal J, JJ-’ = S, J-l J = R, and J is 
projective on each side; 
(ii) for each left R-, right S-ideal K, K-lK = S, KK-l = R, and K is 
projective on each side. 
Proof. (i) J-l J = T, say, is an integral R-ideal. Therefore T-l J-l J = R 
and hence J-T-‘J = R. Thus J is a projective left S-ideal. Similarly JJ-l = S, 
and so J is a projective right R-ideal. 
(ii) This is proved similarly. 
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3. DEDEKIND ORDERS 
Let R be a right order in a quotient ring Q. In the previous section the 
arithmetic of R-ideals was investigated. In this section the arithmetic of 
right R-ideals will be studied. In this case, the arithmetic structure desired is 
not a group but, as in the classical theory of maximal orders, is a Brandt 
groupoid (see [II], p. 132). Th is will also involve the right S-ideals for 
equivalent right orders S. 
We start by defining a right Dedekind right order to be a maximal right 
order R such that every integral right R-ideal is projective. From Theorem 2.1, 
R is thus an Asano right order. In fact, it will be seen that this definition 
gives the class of rings with the desired arithmetic structure. 
If, further, R is a left Dedekind left order, R will be called a Dedekind order. 
Some properties of such an order will be given at the end of this section. 
First, however, we give an example of a Dedekind order which is not bounded. 
The ring of noncommutative polynomialsl;[x, y] over a fieldF of characteristic 
zero, with xy - yx = I, is known (see [Id]) to be a Noetherian hereditary 
integral domain and (see [lo]) to be simple. Its simplicity shows that it is a 
maximal order (see [25], 4.5), but obviously it cannot be bounded. 
Now let R be a right Dedekind right order. Then it follows that every 
fractional right R-ideal I is projective. For there is a regular element b E Q 
such that bI C R. Then bI is an integral right R-ideal and therefore is projec- 
tive. But clearly I g b1 and so I is projective. 
LEMMA 3.1. Let R be a right Dedekind right order. 
(i) If I is a right R-ideal, then O,(I) . zs a right Dedekind right order. 
(ii) If S a maximal right order and S is equivalent to R, then S = O,(I) 
for some right R-ideal I, and thus S is a right Dedekind right order. 
Proof. (i) We know, from Lemma 2.3, that O,(I) is an Asano right order. 
Also, using the (I, 1) correspondence obtained in Lemma 2.3, each right 
O,(I)-ideal has the form JI-1 for some right R-ideal J. Then 
11-1 . II-1 = JRJ-’ = J/-l = O,(J). 
But O,(J) C O,(JI-l) C O,(JI-lI) = O,(J) and so ]I-‘. I]-’ = O,(JI-l). 
Therefore JI-1 is a projective right O,(JI-l)-ideal. It is easily checked that 
O,(jI-1) = O,(I), which completes the proof. 
(ii) By definition, there are regular elements a, b E Q such that aSb C R. 
Evidently SbR is a right R-ideal and O,(SbR) = S, since S is a maximal right 
order, The result now follows from (i). 
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In the next theorem it is shown that the right Dedekind right orders have 
the desired arithmetic. 
THEOREM 3.2. Let R be a right Dedekind right order in a quotient ring Q. 
The set of all right S-ideals, where S runs through all maximal right orders 
equivalent to R, forms a Brandt groupoid under ordinary multiplication, where 
de$ned. 
Proof. The units of the groupoid will be the maximal right orders S 
equivalent to R. First note that, by Lemma 3.1, every such S is a right 
Dedekind right order and thus is an Asano right order. Also S = O,(I) for 
some projective right R-ideal I. Applying Lemma 2.4 shows that each right 
R-, left S-ideal has a groupoid inverse, R and S being the right and left 
units respectively. Hence every right R-ideal has a groupoid inverse and, 
since S also is a right Dedekind right order, the same holds for S. 
To complete the arithmetic theory, we give a converse to this result, 
similar to the converse in Asano’s theory of bounded maximal orders. 
Let Q be a quotient ring and let G be a set of additive subgroups of Q that 
form a groupoid relative to ordinary multiplication, when defined. We 
assume the following conditions: 
(1) Every subgroup in G contains a regular element. 
(2) Every unit R in G is a right order in Q and contains the identity 
element. 
(3) For each unit R in G, every integral right R-ideal is in G and has 
R as its right unit and, if two-sided, as its left unit. 
(4) For any pair of units R, R’ there is a subgroup I in G having R as 
its right unit and R’ as its left unit. 
THEOREM 3.3. If the above conditions (l)-(4) hold on the groupoid G, 
then G consists of a right Dedekind right order R and the set of all right S-ideals, 
where S runs through all maximal right orders equivalent to R. 
Proof. First we note that if I is in G and R is its right (left) unit, then I 
is a right (left) R-ideal. For I is an additive subgroup of Q, and IR = I. Also, 
if IT* is the inverse of I in G, and if b is a regular element in I*, then bI C R. 
So I is a right R-ideal. It is now clear from (4) that the units in G are all 
equivalent right orders. 
For each integral R-ideal T there is a T* in G such that T*T = R. Since R 
is the right and left unit of T, this is also true of T*. Thus TT* = R. There- 
fore, by Theorem 2.1, R is an Asano right order. 
Let I be an integral right R-ideal. The left unit of I is an Asano right order 
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and therefore is a maximal right order. Hence the left unit of I is O,(I). 
Similarly R = O,(I). But there exists I* E G such that II* = O,(I) and thus, 
by Theorem 1.5, I is a projective right R-ideal. Hence R is a right Dedekind 
right order. 
The fact that all maximal right orders equivalent to R are included is now 
evident from (3) and Lemma 3.1. It remains to show that every (fractional) 
right R-ideal is in G. Let 1 be a right R-ideal, and let O,(I) = S. Define 
I1 = (s E S 1 sl C R}. There exists a regular element 4 = ab-l E Q, a, b E S, 
such that 41 C R. Hence a I C ab-ll C R, and a E 1i . Since a is regular, it 
follows that I1 is an integral right S-ideal, and thus Ii E G. Also I,1 is an 
integral right R-ideal, and so I11 E G. But I = Ir;‘1J, and therefore I E G. 
If in Theorem 3.3 the left-handed forms of conditions (2), (3) also are 
imposed, and if in (4) it is required that 1 C R n R’, then one obtains the 
conditions needed to get bounded maximal orders (see [II], pp. 134-6). 
As in the theory of bounded maximal orders, we can make some deductions 
similar to results in standard Dedekind domain theory. To do this, we assume 
that R is a Dedekind order. 
THEOREM 3.4. Let R be a Dedekind order. Then R suti$es the descending 
chain condition for integral right R-ideals containing a jixed integral right 
R-ideal. 
Proof. Let 1; 3 Iz > ... > I, where I, I1 , I, ,... are integral right R-ideals. 
Then, since 1~~1~ = R, 1~~1s 2 R. Thus 1;l C 1~~ C *** C 1-l. Therefore 
II;’ c II;’ c *** C 11-l = O,(I). Each of the terms in this chain is an 
integral left O,(I)-ideal. But O,(I) is itself a Dedekind order by Lemma 3.1, 
and thus has the ascending chain condition for integral left O,(I)-ideals. So 
we see that 11;’ = I I;$ for some n. Thus 1,” = I& . Therefore 
I n+l = In+,R = In+,I;‘L = In+J&In = O,(In+,Yn 1 In 
and so I, = I,+1 . 
THEOREM 3.5. Let R be a Dedekind order, and let T be an integral R-ideal. 
Then R/T is an Artinian principal ideal ring. 
Proof. The proof of the corresponding result in the theory of bounded 
maximal orders (see [II], pp. 128-9) can be used without alteration to prove 
this theorem. 
4. PRIME RINGS 
This section is concerned with the special case when R is a right order in 
a simple Artinian ring Q. Some terminology and results of Goldie [7] will be 
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used. First, however, we recall that a right Goldie ring is a ring which has no 
infinite direct sum of right ideals and which satisfies the ascending chain 
condition for right annihilators. Then ([7], 5.4), R is a right order in a simple 
Artinian ring if and only if R is a prime right Goldie ring. A right ideal of 
a ring is said to be essential if it has nonzero intersection with each nonzero 
right ideal of the ring. Then ([7], 4.8), if R is a prime right Goldie ring, a 
right ideal of R is essential if and only if it is an integral right R-ideal. Since 
every nonzero ideal of a prime ring is essential, it follows that in a prime 
right Goldie ring R, the integral R-ideals are precisely the nonzero ideals of 
R. If, further, R is a right Dedekind right order then by Corollary 1.4, each 
integral right R-ideal is finitely generated. But every right ideal of a prime 
right Goldie ring is a direct summand of an essential right ideal, and thus R 
is a prime right Noetherian right hereditary maximal right order; i.e., R is a 
right Dedekind prime ring. 
In this section, right Dedekind prime rings are characterized. The methods 
are similar to those used by Hart [9] when dealing with simple rings. The 
characterizations are similar to those of Auslander and Goldman ([2], 3.9) 
and Chevalley ([4], Theorem 5). First we prove 
THEOREM 4.1. Let R be an Asano right order in a simple Artinian ring Q. 
Then R g el(,efor some integer n, where e is an idempotent element in K, and K 
is a right order in a division ring. 
Proof. Let U be any uniform right ideal of R; i.e., a nonzero right ideal 
which contains no direct sum of right ideals. Let T = 2 Ui , the sum being 
taken over all right ideals Ui such that Ui G U. It can be seen (using [7], 4.3) 
that T is an ideal, and therefore an integral R-ideal. Thus T is 
a finitely-generated projective right ideal. Hence, for some integer n, 
T= U,-+.**+U,, where UirU, i==l,..., n. Let M=U@ 
U @ a** @ U denote the direct sum of n copies of U. There is an epimorphism 
M+ T and, since T is projective, it follows that M z T @ S for some 
module S. Now Enda M g K, , where K = EndR U. So, if e is 
the projection of T @ S onto T, it follows that End, T z eK,e. But 
End, T g {q EQ / qT C T} = O,(T) = R. The fact (see [7], 5.12) that 
End, U is a right order in a division ring completes the proof. 
LEMMA 4.2. Let R be an Asano right order in a simple Artinian ring and 
let e be an idempotent element in R, for some integer II. Then eR,e is an Asano 
right order in a simple Artinian ring. 
Proof. It is easy to check that R, is an Asano right order in a simple 
Artinian ring. Thus there is no loss in assuming that n 1 1. It is also straight- 
forward to see that eRe is a prime right Goldie ring. To see that 
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eRe is an Asano right order, let T’ be any integral eRe-ideal. Then 
T’ = eReT’eRe = eTe, where T = ReT’eR is a nonzero ideal of R, and thus 
is an integral R-ideal. 
Consider ReR. This is a nonzero ideal and therefore is an integral R-ideal. 
However, it is an idempotent ideal, so ReR = R since the R-ideals form a 
group. Hence 
eT-le.eTe=eT-lReRTe=eT-lTe=eRe, 
and similarly eTe . eT-le = eRe. Now eTe is an integral eRe-ideal and 
therefore it contains a regular element c, say. Then eT-le . c _C eRe. Hence 
every element of eT-le has the form ac-l, a E eRe. Thus eT-le is contained 
in the right quotient ring of eRe and evidently is an eRe-ideal. Therefore, 
by Theorem 2.1, eRe is an Asano right order. 
LEMMA 4.3. Let A be an Asano right order in a simple Artinian ring and 
let R have a projective uniform right ideal U. Then R s eK,e for some integer n, 
where e is an idempotent element in K, and K is an Asano right order in a division 
ring. 
Proof. By Theorem 4.1, R s eK,e where K = End, U and K is a right 
order in a division ring. Since U is projective, it follows that U is finitely 
generated. For one can construct an essential right ideal I as a finite direct 
sum of right ideals each isomorphic to U. Clearly I is projective and therefore 
by Lemma 1.2, is finitely generated. Hence U is finitely generated.Thus 
K s .fRmf for some integer m and some idempotent f E R, . Hence, by 
Lemma 4.2, K is an Asano right order. 
The next result, together with its proof, is due to R. Hart and D. B. Webber. 
LEMMA 4.4. Let R be a right hereditary ring with an idempotent element e. 
Then eRe is right hereditary. 
Proof. Let I be any right ideal of eRe and let F be the free R-module on I, 
F = {c (ik)rl, j ik EI, rk E R}. 
Define e : F + F by u C (ik) rk = C (ik) erli , and put P = uF. Consider the 
homomorphism 0 : E + IR defined by 
0 C (i&r, = C ikerk . 
Now t?F = IR, and IR is a projective right ideal of R. Therefore P s IR @ K 
for some module K. This R-isomorphism is, a fortiori, an eRe-isomorphism. 
Hence Fe E IRe @ Ke, this being an eRe-isomorphism. But evidently Fe is 
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.&e-isomorphic to the free e&-module on I; also, IRe = I. Thus I is a 
projective right ideal of eRe, and hence eRe is right hereditary. 
We recall (see [5], p. 47) that two rings A, B are Moritu-equivalent if and 
only if there exists an integer n > 0 and an idempotent element e in A, such that 
B g eA,e and A,eA, = A,, . 
A property shared by all Morita-equivalent rings is said to be Morita- 
invariant. Thus, from Lemma 4.2, being an Asano right order in a simple 
Artinian ring is Morita-invariant. Also, from Lemma 4.4, being right here- 
ditary is Morita-invariant, since if R is right hereditary, so is R, . 
We must also recall that if Aii , i, j = 1 ,..., m are sets of elements then 
represents the set of all m x m matrices (u,J with a,$ E Aii . 
We now come to the characterization of right Dedekind prime rings. 
THEOREM 4.5. The following conditions on a ring R are equivalent: 
(In (2)-(5), K is a right Dedekind domain.) 
(1) R is a right Dedekind prime ring. 
(2) R E e&e for some integer n and some idempotent element e in K, . 
(3) R is Moritu-equivalent to K. 
(4) RE EndKPf or some Jinitely-generated projective K-module P. 
@) 
for some r&ht ideals I1 ,..., I,,, of K. 
Proof. (1) ti (2). R is an Asano right order and is also right hereditary. 
R contains uniform right ideals (see [7], 3.1) and these are projective. There- 
fore, as in Lemma 4.3, R z eK,e and Kg fRnlf for integers m, n and 
idempotent elements e, f. By Lemma 4.3, K is an Asano right order in a 
division ring, and by Lemma 4.4, K is right hereditary. Thus K is a right 
Dedekind domain. 
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(2) + (1). This follows from Lemmas 4.2 and 4.4 since K being right 
hereditary implies that K,, is right hereditary. 
(2) 3 (3). As shown in the proof of Lemma 4.2, K,eK, = K, . Thus R 
is Morita equivalent to K. 
(3) => (2). This is trivial. 
(2) o (4). This is now clear from the proofs of Theorem 4.1 and 
Lemma 4.3. 
(4) =- (5). Let P b e a finitely-generated projective K-module. Then, 
by [.?I, p. 13, P = 1, @ *** @ 1, whereI, ,..., I,, are right ideals of K. It can be 
checked that End, P has the form stated. 
(5) 2 (4). Conversely, it can be seen that this matrix ring e End, P, 
where P = Ii @ a** @I,, . Since each Ii is a finitely-generated projective 
right ideal of K, P is a finitely-generated projective right K-module. 
In order to place Theorem 4.5 in perspective, we now give some examples. 
The first shows that a right Dedekind prime ring need not be a complete 
matrix ring over an integral domain. We start with the (commutative) 
Dedekind domain K = Z[d-5]]. Now I = 2K + (1 + d-5) K is a non- 
principal ideal of K. Consider the K-module M = I @ K and let 
R = End, M. Since M is projective, R is a right Dedekind prime ring. 
It can be seen that the quotient ring of R is D, where D is the quotient 
field of K. Now assume that R is a complete matrix ring, R = S, . Then 
M g J @ J for some ideal J of K, where S G EndK J. It follows ([22], 
Lemma 1) that J” E IK = 1. But K has class number 2, and so J” is a 
principal ideal. This contradicts that fact that 1 is not principal. Hence R is 
not a complete matrix ring over an integral domain. 
Next we consider the possibility of obtaining, for an arbitrary right 
Noetherian right hereditary prime ring, a structure theory along the lines of 
Theorem 4.5. In fact, we give an example due to Small of a Noetherian 
hereditary prime ring which is not a maximal order; and it will be shown 
that R is not of the form eK,e for any right Ore domain K (i.e., a right order 
in a division ring) and any idempotent element e in K, . 
Let A be a (commutative) local Dedekind domain with maximal ideal xA 
and quotient field D. Consider the ring 
Evidently R is an order in D, and therefore is prime, R is not a maximal order 
since R is equivalent to A, . Also R is Noetherian since it is finitely generated 
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over A. Now, the Jacobson radical of R is the ideal 
Thus J is free and so, by [2], corollary to Theorem 2.2, R is hereditary. 
In order to show that R is not of the form e&e, we use the following 
lemma of Hart: 
LEMMA 4.6. If S s eK,e, where K is a right Ore domain and e is an 
idempotent element of K, , then there is a uniform right ideal U of S such that 
S E e’K:e’, where K’ = End, U and e’ is an idempotent element in K,!, . 
Proof. Let Vi = eiiK,, where eii is the usual matrix unit, for i = l,..., n. 
Then xi V, = K, and xi eV,e = eK,e. It can be seen that Vi is a uniform 
right ideal of K, and that eV,e is either zero or a uniform right ideal of eK,e. 
Further, if eV,e # 0 and eVje f 0, then eV,e E eVje. Choose an i such 
that eV,e f 0, and set U = eV,e. Then, as in Theorem 4.1, S g e’K;e’, 
where K’ = End, U. 
Assume now that our example R has the form eK,e where it can be assumed 
that K = End, U for some uniform right ideal U of R. As in the proof of 
Theorem 4.5, it follows that K is hereditary. Let F be the quotient division 
ring of K. Then, by [17], Theorem 3, eK,e is an order in eF,e. But R has 
quotient ring D, . Since D, and F, are simple Artinian rings, it is not difficult 
to see that D E F. Thus K is commutative and, being hereditary, is a maximal 
order, which is a contradiction. 
5. ARTINIAN QUOTIENT RINGS 
It is known (see [I6]) that every right Noetherian right hereditary ring is 
a right order in a right Artinian ring; but, as noted in the previous section, 
it need not be a maximal right order even if it is a prime ring. In this section 
we study right Dedekind right orders in a right Artinian ring. By the above 
remarks, this includes all right Noetherian right hereditary maximal right 
orders. The result obtained is 
THEOREM 5.1. Let R be a right Dedekind right order in a right Artinian 
ring Q and let W be the sum of all nilpotent right ideals of R. Then RI W is a Jinite 
direct sum of right Dedekind prime rings. 
Proof. First we recall (see [25], 2.10) that W is nilpotent and that, if W 
is the nilpotent radical of Q, then R/W =-: 8, say, is a right order in a semi- 
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simple ring isomorphic to Q/ W’ = Q say. Also W’ n Q = Wand WQ = w’. 
In this proof, for any set J of elements of Q, 1 denotes (/ + wl)/wl. If 
J C R, then J coincides under the isomorphism with (J + W)/ W. 
Let T be an integral R-ideal, with inverse image T in R. Then T is an 
integral R-ideal (by [IS]; 2.10) and so TT-1 = T--IT = R. Hence 
in’T-l = T-lT = R and therefore, by Theorem 2.1, R is an Asano right 
order. 
Next, let 1 be an integral right R-ideal with inverse image 1 in R. Again, 
I is an integral right R-ideal, and so 11-l = O,(I), I-l1 = R. Hence 
IF= O,(1) and IYI = R. The first equation shows that i E fr-1 and the 
second that 1-i Z (&I. Hence 1(&r = Or(r) and therefore 1 is a projective 
right R-ideal. Thus R is a right Dedekind right order. 
To complete the proof we need only show that R is a finite direct sum of 
right orders in simple Artinian rings, the rest being straightforward. This 
can be proved by using the argument of Section 4 (which showed that a right 
Dedekind prime ring is right hereditary) to show that R is right hereditary, 
and then applying a result of Levy ([23], 4.3). However, it can be proved 
directly, as follows: 
LEMMA 5.2. Let R be a maximal right order in a quotient ring Q and let 
Q =Q1@***@QnbeaJinitedirectsumofideals. ThenR = Rl@---@R, 
is ajnite direct sum of ideals, Ri being a maximal right order in Qt for i = I ,..., n. 
Proof. Let ei be the identity element of Qi, i = l,..., n. Therefore 
1 =e,+***+e,.LetS=e,R+ **. + e,R. Clearly S is a right order in Q 
and S 1 R. It is known (by [7], 5.2) that there is a regular element c E R 
with eic E R, i = l,..., n. Therefore, since the ei are central, SC c R and so S 
is equivalent to R. Thus S = R, since R is maximal. Put Ri = e,R, and then 
the rest of the proof is straightforward. 
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